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Analytical Model of Unsteady Shock Motion

on Hypersonic Forebodies

Sowmyalatha Jayaraman* and Mark J. Lewis¥
University of Maryland, College Park, Maryland 20742

The behavior of an unsteady shock associated with the surface of the forebody of a hypersonic vehicle
is modeled analytically. The present study develops a simple engineering model, based on the nonlinear
oscillator theory, to perform a dynamic analysis on nonuniform flow over two-dimensional hypersonic
forebodies. The emphasis is on exploring the fluid physics while avoiding time-intensive computational
techniques for unsteady calculations. Closed-form solutions of the shock motion are derived and any
coupling phenomena between the boundary layer and the shock are studied by including viscous effects
in the analysis. The response of the shock to different freestream Mach numbers, frequencies, and am-
plitudes of perturbation is examined. A quasisteady approach and piston analogy have been incorporated.
It is shown that the amplification factor of the inviscid shock relative to the surface matches with the
computational results within 10% accuracy under similar conditions.

Nomenclature

= amplification factor

speed of sound, m/s

perturbation force, N

perturbation frequency, 1/s

stiffness of the oscillator, N/m
equivalent spring constant, N/m
wedge length, m

Mach number

mass of the oscillator, kg

pressure, N/m”

forcing function

time, s

flow velocity, m/s

displacement from the mean position, m
shock-wave angle

ratio of specific heats
boundary-layer displacement thickness, m
wedge angle, rad

Strouhal number

density, kg/m>

included angle of the oscillator, rad
= circular frequency, 1/rad
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Subscripts

b = boundary layer
i = inviscid layer

w = wedge

0 = initial conditions
® = freestream

Introduction

ESIGN of the forebody of a hypersonic vehicle has a
major impact on the inlet compression process and,
hence, the overall performance of the vehicle. An important
design criterion is the matching of the inlet bow shock with
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the cowl lip. For a steady analysis of the vehicle in Fig. 1, the
matching criteria can be accurately satisfied.' However, for a
hypersonic vehicle subjected to various external perturbations,
the effect of the unsteady phenomena on the inlet flowfield
and control of the shock motion become important consider-
ations.

If the shock motion were to be identical to the surface mo-
tion, then the bow shock would move in phase with the sur-
face. Any difference in the amplitude or phase of the motion
would result in a displacement of the shock from the engine
cowl. It becomes pertinent to determine the existence of certain
conditions that lead to substantial departures from the ideal
behavior and, if such conditions do exist, then their effect on
the overall performance of the forebody has to be analyzed.
For the type of slender forebody shapes currently envisioned
for hypersonic vehicles, even a small divergence of the shock
angle could result in large relative deflections downstream
close to the engine cowl.

There has been a large body of research in oscillatory wedge
flows in conjunction with flutter, buzzing, and mixing aug-
mentation for scramjet propulsion using the piston theory or
solving for the linearized small perturbation equations or the
Euler or full Navier- Stokes equations. By analyzing the un-
steady supersonic flow over a wedge, Carrier” found that the
weak shock solution is not appreciably altered by the shock
boundary condition omission and determined the criteria for
detachment of the shock from the leading edge for high fre-
quencies of oscillation. This theory was carried over by Van
Dyke’ to study the effect of pivotal points of oscillation other
than the leading edge, i.e., for plunging motion of the wedge.

Lighthill* proposed a physical model that simplified the
analysis of high-speed unsteady aeroelastic problems. Adopt-
ing Hayes’® argument, Lighthill* propounded a simple theory
that at high Mach numbers could yield accurate results for the
pressure distribution on a surface, even for large-amplitude
perturbations. Landahl® developed this model utilizing higher
expansion powers for the thickness of the surface and the in-
verse of Mach number. Ashley and Zartarian’ developed the
piston theory to obtain closed-form solutions for the bending-
torsion and control-surface flutter properties of airfoils at high
Mach numbers. It is pointed out that a Mach number zone
exists with appreciable thermal effects, but negligible nonlin-
ear viscous interactions, wherein accurate estimates of
aerodynamic-thermoelastic problems can be obtained. Morgan
et al.® gave a vivid comparison of the various theories available
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Fig. 1 Generic hypersonic forebody.

for predicting the aeroelastic effects and concluded that the
piston theory compared very well with the exact theories.

An exact unified theory for both hypersonic and supersonic
flows past an oscillating wedge of arbitrary thickness, with the
assumptions of attached bow shock and small perturbations by
solving the exact linearized perturbation equations for low- and
high-frequency regimes, was developed by Hui.”'* The results
included the stability criterion put forward by Mclntosh."
Hui*'® also derived exact closed-form solutions for the stability
derivatives of the pitching caret wings at design conditions for
hypersonic flow. A similar approach was later adopted by
Chavez and Liu* to develop a perturbed Euler characteristics
method for the entire frequency domain.

A computational solution of the unsteady wedge problem by
Lewis et al."” shows that the overall shock motion is nonlinear.
A wedge of 30 m and freestream Mach numbers from 5 to 20
were considered. The shock was unaffected by the wedge mo-
tion at high frequencies (=1000 Hz), while the shock ampli-
tude was the driving amplitude at low frequencies (=20 Hz).
At intermediate frequencies (=100 Hz), a resonance of sorts
was reached, with the amplitude substantially greater than the
driving motion. This behavior has been suggested to resemble
the motion of a simple harmonic oscillator, with a nonlinear
driving mechanism and a driven system whose mass varies
along the wedge.

The present work'* derives its basis from the results of
Lewis et al."”> The focus is on replacing time-intensive com-
putational techniques with simple analytical theories with a
minimum loss of precision.

Formulation of the Model

The wedge flow is modeled as a nonlinear oscillator with a
variable mass. The generic hypersonic forebody/inlet is ide-
alized to be a slender wedge of fixed inclination to the free-
stream. The entire flowfield is assumed to be two dimensional
and devoid of any chemical reactions. The shock is always
attached to the leading edge, neglecting the low-density effects
on the flow.

Consider a wedge of length L, at an angle of attack « to the
freestream in the steady state, with a bow shock attached to
the leading edge as shown in Fig. 2. Any unsteady perturbation
normal to the surface will be transmitted to the shock, and thus
induce a motion that may be in- or out-of-phase with the sur-
face motion. The transient flowfield properties in the flow di-
rection are assumed to be almost equal to that of the steady-
state values or those at low frequencies of oscillation. This is
because the flow velocity is very large compared to the per-
turbation velocity, normal to the surface. Therefore, any slight
variations in the transient properties of the flow, in the flow
direction, can be safely ignored. The analytical model is thus
a two-dimensional model with the flow analysis confined to
the plane normal to the flow. It is then justifiable to interpret
the flow encompassed between the wedge surface and the
shock as an oscillator whose mass and size increase as a func-
tion of time. The size is qualified either by a reference height
or area of the oscillator. The flow time is defined by the ge-
ometry of the wedge and is given by t, = L/U,, where U, is
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the flow velocity along the wedge. The unsteady effects are
introduced into the problem through a driving function.

Massive Spring Analogy

Figure 2a depicts the oscillator at a time #(i) along the
wedge. An analogy is drawn between an infinitesimally thin
column of fluid and a massive uniform spring of total mass .l
and spring constant K. The spring constant defines the stiffness
or the quality of springiness in the fluid column. Figure 2b
shows the event enlarged at time #(i) for a viscous model; the
oscillator system comprises two springs of spring constants K,
and K, representing the inviscid and viscous layers, respectively.

The variation between the massless spring and its massive
counterpart is reflected in their natural frequency of oscilla-
tions; the massive oscillator is nothing but a massless spring
with a third of its total mass M added to its end. Since there
is no distribution of mass along the fluid column," normal to
the flow direction, every point along the fluid column experi-
ences the same stretching force. Therefore, the oscillator be-
comes the repository of all the kinetic and elastic potential
energy. For this simplified case, the natural frequency of vi-
bration of the massive oscillator is

K
2
w2 = — 1
" M/3 )

Spring Constant

The spring constant of the oscillator can be related to the
quality of stiffness or compressibility of the flow and defined
in terms of the force acting on the system per unit length. The
wedge-driven motion of the fluid is similar to that of a piston
driving a column of fluid in a tube (Fig. 3a) closed at one end.
The entrapped column of fluid acts like a strong spring, very
resistant to sudden pull or push. For this system, it can be
shown that, under adiabatic conditions, the spring constant is
a function of the cross-sectional area, pressure, and the time-
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dependent length of an equivalent fluid column and the angle
subtended by the oscillator.

Force Equilibrium

At any instant, the factors contributing to the force on the
oscillator system are its mass and stiffness and the external
perturbation force acting on it. The balanced force equation
can then be given by

M) % + 3K(t)y = F(t) (2)

where y is the displacement of the oscillator from its steady-
state equilibrium position, M(?) is the time-dependent mass of
the system, K(#) is the time-varying spring constant, and the
quantity F(¢) represents the perturbation force as a function of
time. Since the entire mass of the oscillator is concentrated at
its end, y also denotes the displacement of the shock from its
steady-state equilibrium position. Equation (2) is a linear equi-
dimensional ordinary differential equation if mass varies lin-
early.

Mass-Flux Model

A simplistic model describing the mass flux as a function of
time, purely based on geometry, is a linear model:

M) = M(t/to) (3)

However, any unsteady perturbation of the system results in
an inflow or outflow of mass into the shock layer because of
the displacement of the shock. To account for this additional
mass flow and any shock curvature caused from the leading-
edge bluntness, power-law profile for mass flux is used. In this
case, the mass of the system is given by

M) = M(tt,)" (4)

Analytical Solutions

Three cases of the driving function are considered, that of
a time-independent function F(¢#) = F,, and linearly and pe-
riodically time-varying functions F(t) = Fot and F(¢) = F,
sin wt.

To characterize the flowfield, the variables in Eq. (2) can be
combined to form nondimensional constants. Therefore, non-
dimensionalizing y, ¢, and the frequency of perturbation f, with
respect to a reference length L, the length of the wedge, a
reference time f,, the flow time, and a reference frequency f,,
which is equal to 1/f,, the model equation takes the form
&y

t
dr?

+ C,, = CotF )

The Strouhal number v characterizes the nature of the oscil-
lating flows. It is physically the ratio of the residence time to
oscillation time. When it is small, the flow has time to adjust
to the changes brought about by the oscillations, which is the
low-frequency domain. A higher value of Strouhal number cor-
responds to the high-frequency domain, wherein the flow time
is much greater than the oscillation time. It is defined as v =
foL/U,. C, and C, are two constants independent of time and
defined as,

6yP 2P
1= > >, C2
pu” tan"d

- pu’ tan ¢ ©)

where & = B — 6.

The values of C, and C, for different freestream Mach num-
bers are shown in Fig. 4. The oscillator model can be essen-
tially characterized by the two constants C, and C,. While C,
models the inertia of the oscillator mass and its compressibility,
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Fig. 4 Variation of C, and C, with Mach number.

C, emulates the perturbation and the effect of unsteadiness
because of it.

Closed-form solutions are obtained for particular cases of
constant and linear force inputs. For the linear mass flux
model, depending on the value of C,, which describes the nat-
ural frequency of the mass-spring system,' the solution takes
the form

y=t"(AC + BD) + Q1) (7

The particular solution involves the force function and takes

the form 1) Q(¢t) = Dt for a constant input force, 2) Q(#) =

D,t” for a linear input force, and 3) Q(¢) = D4t sin wt + Dyt

cos wt for a sinusoidal force; where A, B, C, D, D,, D,, Ds,
and D, are functions of time and are given by

Dl = FO(C2/C1) (8)

D, = F[C,/(C, + 2)] 9)

FoCy(C, — 0t?)

D= O = o + 4 (10
D,= % (11)
C = cos{[V(4C, — D)/2]log(n)} (12)
D = sin{[V/(4C, — 1)/2]log(1)} (13)
and with p = \V@4C, — D2

A= M(S + pC) — NSIp (14)
B =NC — M(C — pS)lp (15)

Where, for constant perturbation force
M =\Vitan & — FC,/C))] (16)
= —2V/IF|(C,IC)) (17)

For linear time-varying force

M = Vit{tan & — F[C./(C, + 2)1]} (18)
= —4F[C./(C, + DIV (19)

The case of sinusoidal force input involves higher powers
of ¢ and its derivatives. It is solved using a fourth-/fifth-order
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Runge- Kutta solver. The wedge displacement is obtained by
incorporating either the piston or quasisteady approach.

Viscous Effects

The effects of viscosity become prominent with the inclu-
sion of the boundary layer in the analysis. Three cases have
been considered building upon the mass flux and spring con-
stant models.

Mass Flux Model

At high Mach numbers for laminar boundary layers, there
is very little mass flux in the boundary layers.'® This is because
the streamlines entering the boundary layer cross the leading-
edge shock wave at points far upstream and much closer to
the leading edge. The viscous effects are, thus, predominant
only in a very small region. However, in reality, there is a
mass flow variation across the boundary layer because of vary-
ing velocity and temperature and, hence, density caused by the
no-slip condition. Therefore, two cases of the mass model have
been attempted.

1) Model 1: the mass flow entrained in the boundary layer
is a constant.'

2) Model 2: the density profile in the boundary layer cor-
responds to a power law.

The two oscillators in each model are subjected to uniform
external force. The mass flow variation in the viscous model
2 is treated in layers or strata across the boundary layer. The
power law for density profile is

plpo = (¥/18)" (20)
where n is the power index.

Assuming constant mass flow in the boundary layer, for
model 1, Eq. (5) becomes

d2yb
dt/2

: F
2 _p 1)

d d
DY D ()
() ()

+ C

with

C = 6yP/pu’d>, D = 2FP/pu® (22)
where y, is the nondimensional displacement of the boundary
layer from its equilibrium position. Denoting s = L tan ¢ —
9, the displacement of the inviscid shock layer, with a linear
mass flow profile, is described by

d%y, . DF
Rl @3

with C = 2yPL%/pu’s® and D = 2FPL/pu’s.

Equivalent Spring Constant

Viscous model 3 assumes two massive springs in series (Fig.
2b), one for the boundary layer and the other for the inviscid
shock layer between the boundary layer and the shock. The
spring constant for this model is obtained by applying the re-
sistor analogy. If K; and K, represent the spring constants of
the inviscid and viscous oscillator, then the equivalent spring
constant is

K = KiK,/(K; + K>) (24)

Results and Discussion
The wedge model considered is 30 m long and the included
angle is 5 deg."” The freestream conditions are shown in Table
1. The frequency of the forcing function ranges from a low

Table 1 Freestream conditions

Freestream parameter Value
Static pressure 21 N/m>
Static temperature 254.6 K

Density at 60 km 0.0002874 kg/m®
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Fig. 5 Absolute motion of the oscillator: M = 10, f = 10 Hz, and

A =0.1.

frequency of 5 Hz to a high-frequency value of 100 Hz. (Un-
less specified otherwise, all results are shown plotted in the
nondimensional domain.)

Amplitude of the Driving Function

For a steady-state analysis with a freestream Mach number
of 5, the included angle between the bow-shock and the wedge
¢ is approximately 0.175 rad. For a quasisteady behavior, any
displacement of the oscillator caused by the oscillation func-
tion does not deviate significantly from the steady-state value.
Therefore, any variation in the angle is a direct result of the
unsteadiness introduced into the system by the perturbation
force. It is observed that there is a very small deviation of the
oscillator angle from its steady-state value for amplitudes rang-
ing from 0.001 to 1, which gives a measure of the amplitude
of the input forcing function.

Inviscid Model

An additional tuning parameter with a sinusoidal driving
function is the Strouhal number, which gives a measure of the
residence time of the fluid to the time for oscillation. The low-
frequency domain would then correspond to the case of a small
Strouhal number, i.e., when the flow has time to adjust to any
variation induced by the unsteadiness. For the given wedge
configuration, the flow time, which is the time taken by the
fluid to make one sweep over the wedge, is approximately 0.02
s for a freestream Mach number of 5. This is the time span
during which the effect of unsteadiness on the wedge flow is
considered. Extending this further, note that for the flow to
perceive at least one cycle of oscillation, the frequency of os-
cillations should be of the order of or greater than 50 Hz.
When a linear mass flux is incorporated into the oscillator
model and the amplitude of perturbation force is 0.1, Eq. (2)
for the inviscid model can be rewritten as Eq. (5).

Shock-Wedge Response

The shock and the wedge motion for a freestream Mach
number of 10 and a perturbation frequency of 10 Hz are shown
in Fig. 5. The ordinate refers to the relative motion between
the wedge and the shock. The amplification factor of the shock
and the wedge motion for this case is A = 0.88. Similarly, the
amplification factor for a lower Mach number of 5 and per-
turbation frequency 5 Hz is found to be A = 0.7854. The Strou-
hal number for both cases is less than unity. These results
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match those reported by Lewis et al.”” They also show an in-
phase motion between the shock and the wedge with an am-
plification factor of 0.8 for a Mach 10 and frequency 10-Hz
flow condition, thus predicting a quasisteady behavior. The
discrepancy in the present and the computational values could
be attributed to an initial mass flux loss caused by the limita-
tion of the model at zero time. The lower mass flux thus im-
parts a lower frequency of oscillation, thereby reducing the
relative magnitudes of the shock and the wedge. For the lower
Mach number of 5, the amplification factor is less than unity,
resulting in a small overall increase in the amplitude of the
relative motion.

Frequency vs Time

All of the results obtained earlier display a time variation of
frequency, i.e., the frequency of oscillations is seen decreasing
with increasing time. Figure 6 shows the time-frequency plot
for a Mach 10 and a perturbation frequency of 10 flow con-
ditions. The behavior of the oscillator is one of divergence with
an increasing amplitude and decreasing dominant frequencies.
From an energy perspective, this can be attributed to the re-
distribution of the overall energy between the kinetic and the
potential energy of the fluid particles. The reduction in the
frequency of oscillations of the massive system results from
decreasing kinetic energy of the unsteady flow. Similar behav-
ior is exhibited over a wide range of frequencies.

Frequency Spectrum

The frequency of the shock motion is analyzed in Fig. 7,
which is a plot of the spectral density as a function of the
Strouhal number for a Mach 5 and frequency 5-Hz case. The
shock response at approximately 0.2 s is considered. (Figure
7 shows the zoomed-in region where the peak occurs.) The
Nyquist frequency for this case is 50 Hz. It is found that the
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Fig. 6 Inviscid model: frequency vs time.
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Fig. 7 Frequency spectrum: M = 5, f = 5 Hz, and A = 0.1.

peak frequency of the shock is around 0.1, which is approxi-
mately equal to the Strouhal number of the forcing oscillations
(v = 0.09847). The amplitude of the perturbation force is taken
to be 0.1. Varying the amplitude of the force only changes the
magnitude of the resultant displacement of the oscillator and
produces little or no change in the phase relation as referred
to in the previous sections. Similar results are obtained for the
case of the Mach 10 and frequency 10-Hz flows, the only
difference being a smaller displacement of the shock.

Surface Pressure Distribution

The unsteady surface pressure distribution over the wedge
is evaluated at each time.'" For a Mach number of 5 and fre-
quency of 5 Hz, the ratio of the unsteady logarithmic pressure
to that of the steady-state value is plotted at three instances
against the logarithm of the distance along the wedge in Fig.
8. The surface pressure decreases with increasing time. As the
Mach number of the flow is increased, the unsteady surface
pressure, at any axial location, is seen fluctuating about its
steady-state value. A similar behavior is exhibited for increas-
ing frequencies of perturbation.

Using the tangent wedge theory, the coefficient of pressure
along the surface can be plotted. Figure 9 shows the Cp dis-
tribution along the wedge for a range of Mach numbers. The
previous results are compared with those obtained by Chavez
and Liu.” At high Mach numbers, with a smaller aft-shock
Mach wave angle, they report weak interaction between the
Mach waves and shock, and the pressure distribution is devoid
of any waviness. Figure 9 exhibits a similar behavior.

Viscous Model

The addition of viscosity does not affect the overall bulk
behavior of the flowfield at low frequencies. The most striking
feature of the viscous model is the displacement effect caused
by the presence of the boundary layer. For a Mach number of
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Fig. 9 Cp distribution: f = 50 Hz and A = 0.1.
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5 and frequency of oscillation 5 Hz, the inviscid and viscous
shock motion, assuming constant mass flux in the boundary
layer, are plotted in Fig. 10. Figures 10a and 10b depict the
relative displacement of the viscous and the inviscid shock.
Also shown in the figures is the displacement of the boundary
layer about its steady-state equilibrium position. Figure 10b
gives the qualitative behavior of the shock and the boundary
layer for a length 100 times longer than the wedge length, i.e.,
for a characteristic time 7 = 2 s.

The presence of the boundary layer further displaces the
shock from its mean position. The viscous shock is in-phase
with the inviscid case and its amplification factor with respect
to the wedge surface is,

Aviscous = 1.115A iccia (25)

The amplification factor of the viscous shock is compared
with that of the inviscid case over a wide range of frequency
in Figs. 11-13 for two values of Mach number and for the
three viscous models. From the formulation of the viscous
models, a wide disparity in behavior is noted between the rigid
and stratified boundary-layer models. For the same amplitude
of perturbation, the following are observed.

1) The ratio of the amplitudes of the viscous and the inviscid
shock, for the rigid model, is substantially lower compared to
the stratified assumption.

2) There are certain frequencies at which the amplification
factor of the viscous to the inviscid shock, for a rigid model,
has the same value for different freestream Mach numbers.

3) The stratified boundary layer deflects the viscous shock
by almost a constant factor, though large, when the Mach num-
ber is increased at low frequencies. This value, however, de-
creases as the frequency of perturbation was increased.

4) Ignoring any density variations in the viscous model, i.e.,
when the effects of stiffness alone are considered, the model
shows similar behavior as the rigid model at low frequencies
and as the stratified model at higher frequencies.

Displacement Model

A variation to the previous model is formulated by employ-
ing displacement as the driving function. An equivalent force
on the wedge is determined using the piston theory and is
included in the oscillator model. The perturbation force acting
on the oscillator is given by

F() = f [1 £ h cos(2mve)] dt 26)
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where h = 2mvAvyl/at,, with A denoting the amplitude of dis-
placement. When the shock moves towards the surface, an
isentropic compression occurs and vice versa if the shock
moves away from the surface. This is interpreted in the present
model as

o Ay . . .
if o > 0 — isentropic compression
o dy, . . .
if 9 < 0 — isentropic expansion

Figure 14 shows the amplification factor for a wide fre-
quency spectrum. It is observed that the amplification factor
decreases as frequency increases. For the higher frequencies
of perturbation, the expansion and compression waves gener-
ated by the surface occur at a higher rate, thus cancelling at a
lower characteristic length above the surface. As a result, the
disturbance is cancelled before it affects the shock. In such a
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ber.

situation, the shock shows little or no displacement about its
steady-state equilibrium position. This behavior is exhibited
by all three viscous models using piston theory, whereas the
quasisteady assumption cannot be applied in these regimes of
frequency.

Conclusions

An analytical model of the idealized hypersonic forebody
exhibiting plunging/pitching oscillations is formulated using
the basic physics of the flow. The resulting behavior of the
flowfield is examined. In reality, the source of these distur-
bances can be attributed to propulsion system operation, struc-
tural vibrations, and acoustic loads. The behavior of the model
also reflects upon the operation of the forebody as a suitable
inlet to an integrated scramjet propulsion system.

The present analysis yields a nearly in-phase motion of the
unsteady shock and the surface in the lower frequency spec-
trum. The effects of viscosity have been studied by considering
three different boundary-layer models. The constant mass
boundary layer resulted in lesser displacements of the shock
from the steady-state mean position compared to the stratified
model where density variations were incorporated. The equiv-
alent oscillator system exhibited similar behavior to the con-
stant mass boundary-layer model at lower perturbation fre-
quencies and the stratified boundary-layer assumption at higher
frequencies.

This methodology could be extended to wedges of arbitrary
geometry and freestream conditions, including three-dimen-
sional effects and wall pressure variations. At moderate fre-
quencies and amplitudes of the forcing function, the generation

of finite compression and expansion waves in the direction of
the oscillator/shock motion could be modeled and included in
the analysis.
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